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Abstract 
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< 

4^ ■ In this paper we will prove the nodal line N of the second eigenfunction 

^ \ of the Laplacian over some simply connected concave domain Q in must 

^ I intersect the boundary dft at exactly two points. 

(N ^ , . 

> : 1 Introduction 

in 

■ An eigenfunction (pi is meant to be a solution of Dirichlet's problem: 

o ■ 



A(fi + Xiipi = in Q ^^^^ 
(fi = on dQ, 

' where A = —-^ + — ^ is the Laplacian, is a bounded smooth domain in M^, 

is the ith eigenvalue with Ai < A2 < A3 < • • • , and Lpi is the ith eigenfunction 
(z = 1, 2, • • • ). It is well know that the first eigenfunction is positive in f], and all 
higher eigenfunctions must change sign. The nodal set of an eigenfunction Lpi is 
defined to be the closure of {x G Q] ^i{x) = 0}. The Courant nodal domain theorem 
[2] tells us that the nodal set of an ith eigenfunction Lpi divides the domain Q into at 
most i subregions. especially, Lp2 divides the domain Q into at exactly 2 domains. 

In 1967 Payne [llj conjectured that (f2 cannot have a closed nodal line in Q and in 
1982 Yau [12j asked the same question for convex domains in M^. Payne [lOj proved 
that the nodal line touches the boundary of a convex set which is symmetric under 



^The authors were supported by NSFC 10901069. 



a reflection. C.-S. Lin \E] proved the conjecture provided the domain C is 

smooth, convex, and invariant under a rotation with angle -^IR^ where p and q are 

Q 

positive integers. D. Jerison [6j proved the conjecture for long thin convex sets. Melas 
[9] have settled the convex case for boundary and this was extended to general 
boundary by Alessandrini [Ij. M. HoflFmann-Ostenhof, T. M. Hoffmann-Ostenhof and 
N. Nadirashvili [5j construct a nonconvex, not simply connected domain for which 
the second eigenfunction has a closed nodal line. Also for convex D D. Jerison [7] 
and D. Grieser and D. Jerison [4J obtained interesting results on the location of the 
flrst nodal line. 

In this paper we obtain that the nodal line of the second eigenfunction (f2 over 
some simply connected concave domains Q intersect the boundary dQ at exactly two 
points. Which is the special case of the following theorem: 

Theorem The nodal line of a second eigenfunction of Laplacian divides the domain 
Q by intersecting its boundary at exactly two points if the domain p{Q) is strictly 
convex in 9 and symmetric with respect to the r-axis. 



2 main results and their proofs 

Let r^, J7 C be two smooth domains (0 is not in the closure of Q) and p : 
Q ^ (x^y) ^ ^) be a diffeomorphism deflned by (x^y) = p~^{r^9) with 
X = r COS0, y = rsinO. Then the equation (11.11) becomes a new equation: 

J.2 QQ2 J. Qj. ^ (2.1) 

(fi = on dQ^ 

where <^i(r, 9) = Lpi o p~^{r^ 9). 

Now we display the relations between the equations (11.11) and (12.11) : If ^pi is a 
solution of equation (11.11) . then ^pi is a smooth function and (fi = Lpi o p~^ is also a 
smooth solution of (12.11) : conversely, if Lpi is a solution of (12.11) . then (pi G Hq{Q)^ 
and (fi G by the inflnite differentiability up to the boundary theorem (See 

[3] pp. 324-326), hence ipi = o p is a solution of equation (11.11) . And hence 

A2(o) = X2{pm. 

Following from Courant nodal domain theorem [2j we know that the nodal set of 
an ith eigenfunction ipi divides the domain Q into at most i subregions, especially, 
divides the domain Q into at exactly 2 subregions. 
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Throughout the paper we denote an second eigenfunction of (11.11) and = 



{x G Vt] (p2{x) = 0} is the nodal hne of (f2] ^2 = ^2^P~^ and N = {x ^ ^2{x) = 0}. 
The foUowing Lemma 1 is proved in 

dip2 dip2 
Lemma 1 Suppose P G dQ. Then — — (P) = if and only if P G A^, where — — is 

the outnormal derivative of 9^2 on the boundary. 

Proof Now, we prove Lemma 1 again as some different way. 

Let P G dQ. Since Lp2 is a smooth solution of equation (11.11) and is a smoothly 
bounded domain, there exists an open set Vl^ C (See [3j, pp. 254-256) such that 
LP2 is an extension of 9^2 in Vl^, and 

PeW, ^;eC\W) and ^;\Qnw = ^2^ ^2\dnnw = 0. (2.2) 

Let P = (xo,2/o) e dnnN. If ^{P) 7^ 0, then ±\V^;\{P) = V^pl • v{P) = 
~Q^{P) = ~d~^^^ ^ ^ (Please see Appendix for the first equality). Without loss 

of generality, we assume ^^(P) ^ 0. By Implicit Function Theorem, there exists a 

dy 

unique function g : (xq — e, Xo + e) ^ M (e is small enough) such that g G C^{xo — e^ Xo + 
e), g{xo) = yo and for any x G (xq — 6,Xo + e) we have 992(x,5'(x)) = 992(^0, ?/o) = 0. 
Which implies that {x,g{x)) G dVt by (12.31) . hence Lpl{x,y) ^ for {x,y) ^VL{^W . 

Which contradict to P G A^. i.e. ^(^) = ±|V(/:^;|(P) = 0. 

Secondly, suppose P G then, by the Hopf's Lemma, we have — — (P) 7^ 0. □ 

By the same way, we obtain the following Lemma 2: 

Lemma 2 Suppose P G d^. Then -^z^iP) = if and only if P G A^, where —J- is 
the outnormal derivative of (f2 on the boundary. 

Proof Let P G dQ. Since (f2 is a smooth solution of equation (12.11) and is a 
smoothly bounded domain, there exists an open set Vl^ C such that ^2 is an 
extension of (^2 in Vl^, and 

PEW, ^;eC\W) and ^;knw = ^2, ^lUnnw = 0- (2-3) 

Let P = (ro,^o) e dQnN. If ^{P) 7^ 0, then ±|V^;|(P) = V^^ • u{P) = 

^3^(P) ^3^(P) 7^ 0. Without loss of generality, we assume -;r^{P) 7^ 0. By 

ou 06 
Implicit Function Theorem, there exists a unique function g \ {r^ — e^r^ + e) ^ 
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(e is small enough) such that g G C^{ro — 6,ro + e), g{ro) = Oq and for any r G 
(ro — 6, To + e) we have (^2(^5 = ^2(^0^ ^0) = 0. Which implies that (r, 5'(r)) G 5f] 
bv^ flOD . hence ^2(^^^) 7^ for (r, 6^) G ^2 n W^. Which contradict to P G iV. i.e. 

d(f2 



du 



■(p) = ±|v^;i(p) = o. 

Now, we show that if ^(P) = then P e N. 

OP 



Otherwise, there exist a neig hborhood f/ C of P such that n f/ = 0. Then 
either ip2{r,0) > or (p2{r,0) < for aU {r,0) £ U HQ, without loss of generahty, 
we assume that ip2{r,9) < for aU {r,9) E U H fl. Since ^2 divides the domain 
fl into at exactly 2 subregions fli and fl2, we take U H C fli, then (p2{r,9) < 

for aU {r,9) e Qi. Smce - ^ - ~ -^j('/'2) = ^^2^2 < in Qi, and 

^2{P) = > (^2(^5^) for all (r, 0) G f^i, we obtain -^{P) > by Hopf's Lemma 
(See [3] pp. 330-332). Which implies the contradiction. □ 

Now we consider the equation: 

^ 1 ^ 1 ^ ^ ;^ - _ Q ^ 

^2 ^^2 Qrp ^ (2.4) 

(^2 = on dVl^ 

where is a smoothly bounded domain, C {(r, 0) G M^; < Tq < r < i?o} (^o, i?o 
are given constants), ^ is strictly convex in Q and is symmetric with respect to 
r-axis. (We note that the domain Vt is strictly convex in Q if every line parallel to the 
0-axis which intersect Vt^ cut dVt in at most two points.) 

Then we obtain the following Lemma 3: 

Lemma 3 The nodal line of a second eigenfunction (^2 divides the domain by 
intersecting its boundary at exactly two points. 

Proof The proof of this lemma is similar to Theorem 2.2 in [8] and Theorem I in 

m 

If (^2 is odd in Q (i.e. (^2(^5—^) = — <?2(^, ^)), the nodal line is just the r- 
axis. And Lemma 3 is obviously true. Suppose (^2 is even in r (i.e. (^2(^, — ^) = 
<?2(^, ^))- Assume that Lemma 3 is false. Then for P G dVl^ 7^ 0, except 

the tangent of dQ at P is the ^-direction. Without loss of generality, we may assume 

that (^)(P) >OioT P edQn {(r, 9); 9 < 0}. Set (Q)- = Cl(Q) n {(r, 9); 9 < 0}, 
o9 

here and throughout the paper C\iQ) represent the closure of Vt. — must change 

o9 
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sign in (Q) . Otherwise > in (Q) . by evenness, 9^2 > in Cl(l^), which leads 
to a contradiction. Hence the nodal line {{r,9) G (f^)"; "^(^)^) = 0} encloses a 

subregion (Q)- of {{r,9) G (Q)"; ^{r,e) < 0}. Let = {{r,0) e Q; either (r, ^) G 

(fi); or (r, -^) G (^7);}. Then ^ satisfies 



dd 

1 Id 



/ 1 Id 



dd ' 

+ A2 ) (^2) 



= in fi* 



(2.5) 



and 



d^2 
86 



on 



(2.6) 



By ( 12.51) and ( 12.61) we obtain that (p2 : = 



09 



o p satisfies 



A^2 + A2^2 
^2 = 



in f]* := p ^(1^*) 
on dQ^, 



Since 



^^^-(r, 0), must change sign, Then is also change 



' ' \ de ' ' '\ do 

sign. Hence A2 > A2(f^*), where A2(f^*) is the second eigenvalue of Laplacian in Vt^. 
But C (since C f^), and by monotony principle we get 

A2 > A2(f^*) > A2, 

which is a contradiction. 

In general a second eigenfunction can be written as = 0i + 02, where 

01 (r,^) = — ^ ^ IS odd m 0, (p2{r,0) = — ^ ^ is even 

2 2 
in 9 and both are second eigenfunctions. By the above proof, we know that there 

exist two points P = (ro,^o) and Q = (ro,— ^0) ^ dQ^ where ^0 7^ such that 

(-^)(P) i~^)iQ) 0. Since is odd on dQ^ we assume (-^)(P) > and 
ou ov _ a^ _ c^z^ 

< 0. Hence > and i^MQ) < 0. It implies that there exist 

two points P* and Q* on 5f] such that 



and the Lemma 3 for this case follows. 



du 
□ 



0, 
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Since p : Q ^ [x^y) ^ (r, 6) is a diffeomorphism defined by (x, y) = p "^(r, 9) 
with X = r cos 9^y = r sin 0, we get the following theorem: 

Theorem The nodal line of a second eigenfunction of Laplacian divides the domain 
Q by intersecting its boundary at exactly two points if the domain p{Q) is strictly 
convex in 9 and symmetric with respect to the r-axis. 

Remark At the end of this paper, we give a figure, which displays that the diflFeo- 
morphism p{Q) of some concave domain Q satisfies the conditions of Theorem. 

In the following figure, Q in figure (A) is the domain formed by the curves 

2 2 

Ci,C2,C3,C4, where Ci = {ix,y) G M^. ^ + |_ = i ^nd a; > 0}, C2 = {ix,y) G 

^ + 1^ = 1 and X > 0}, C3 = G M'; + {y - = {^f and x < 0}, 

5 1 

C4 = {{x,y) G M^; x"^ + {y + - f = {-f and x < 0}. p(Q) in figure (B) is the 
diflFeomorphism of fi. Obviously, Q is a concave domain and p{fl) is a convex domain. 
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Appendix 

Claim Let Q C W {n e Z+) be a smooth domain and P G dQ. Let W 
be any open set containing P. Then for any function (p : W ^ W with 
Vldnnw = and (y(p)(P) we have u(P) = ±-^^(P), where u(P) is 
the outer normal vector of dQ at P. 

Proof of Claim Since (f\dnnw = and {\/(f){P) 7^ 0, there exists a 
neighborhood of P, without loss of generality, we assume the neighborhood 
is W, such that {x G W; (f{x) = 0} = dQ HW, i.e. dQ HW is a regular 
surface. Let G be any normal tangent vector of dQ at P, there exists 
a curve 7 : (— e, e) such that 7(— e, e) C and 7(0) = P, 7^(0) = v. 

Then (^(7(t)) = and = ^|,^o(^(7W) = • y(0) = (V(/.)(P) • v. 

Hence (V(/^)(P) = [±\\/(p\{P)]iy{P). We have prove the Claim. 
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